Abstract. This paper proves the local Langlands conjecture for the non quasi-split inner form Sp 1,1 of Sp 4 over a p-adic field of characteristic 0, by studying the restriction of representations from the non quasi-split inner form GSp 1,1 of GSp 4 to Sp 1,1 . The L-packets for Sp 1,1 are constructed based on the earlier work on the local Langlands correspondence for GSp 1,1 by Gan and Tantono. To parameterize them in terms of so-called S-groups, we establish and utilize the local Langlands correspondence for reductive dual groups which participate in the theta correspondence with Sp 1,1 and GSp 1,1 . An interesting phenomenon arises when two distinct members in an L-packet of GSp 1,1 are restricted to Sp 1,1 . The primary aim of this paper is to prove the local Langlands conjecture (LLC) for the non quasi-split inner form Sp 1,1 of Sp 4 over a p-adic field F of characteristic 0. The conjecture for a general connected reductive group G over F predicts that there is a surjective, finite-to-one map
Introduction
The primary aim of this paper is to prove the local Langlands conjecture (LLC) for the non quasi-split inner form Sp 1,1 of Sp 4 over a p-adic field F of characteristic 0. The conjecture for a general connected reductive group G over F predicts that there is a surjective, finite-to-one map
where Π(G) denotes the set of isomorphism classes of irreducible smooth complex representations of G(F ), Φ(G) denotes the set of G-conjugacy classes of L-parameters, and G is the complex dual group of G [Bor79] . The map L is expected to satisfy a number of natural properties, for instance, it preserves certain γ-facotrs, L-factors, and ǫ-factors, as long as they can be defined in both sides (cf. [HT01, Hen00] ). For each Lparameter ϕ ∈ Φ(G), its fiber, denoted by Π ϕ (G), is called an L-packet for G. As a part of the conjecture, of great interest is how to parameterize the L-packet Π ϕ (G). For this purpose, we consider a central extension S ϕ,sc ( G) which sits into the following exact sequence (1.1) 1 −→ Z ϕ,sc (G) −→ S ϕ,sc ( G) −→ S ϕ ( G) −→ 1, where Z ϕ,sc (G) is a certain quotient group of the center of a simply connected covering group and S ϕ ( G) is the connected component group of a certain group in the adjoint group G/Z( G). The precise definitions will be reviewed in Section 2.4. It is conjectured that there is a one-to-one correspondence (1.2) Π ϕ (G)
←→ Irr(S ϕ,sc ( G), ζ G ) (see [Vog93, Art06, Art13] ), where Irr(S ϕ,sc ( G), ζ G ) denotes the set of irreducible representations of S ϕ,sc ( G) with central character ζ G , which is determined by G via the Kottwitz isomorphism [Kot86] . When G is quasi-split, the character ζ G turns out to be the trivial character ½, so that
Irr(S ϕ,sc ( G), ½) = Irr(S ϕ ( G)).
The LLC has been proved for several cases for the last few decades [GK82, Rog90, Hen00, HT01, GT10, HS11, GT11a, Sch13, Art13, GT14, KMSW14, Mok15] . Among them, our proof of the LLC for Sp 1,1 is deeply rooted in the approach to the LLC for SL n [GK82] . In their paper, Gelbart and Knapp studied the restriction of L-packets of GL n , consisting of singletons, and established the LLC for SL n , assuming the LLC for GL n which was proved afterwords [HT01, Hen00, Sch13] . It is a consequence of their study that S ϕ ( SL n ) is abelian. This method was adjusted to the case of Sp 4 [GT10] whose L-packets were constructed from those of GSp 4 [GT11a] by the restriction. Since L-packets for GSp 4 consist of one or two members unlike GL n , Gan and Takeda verified that those two members do not give the same restriction in Sp 4 (see [GT10,  Proposition 2.2]). They also determined precisely the size of L-packets Π ϕ (Sp 4 ) for any ϕ, so that one can have an explicit description of S ϕ ( Sp 4 ), which turns out to be an elementary 2-group (cf. [GP92, Art13] ).
The method of restriction was also utilized in the case of non quasi-split F -inner forms SL n . Unlike SL n and Sp 4 , the conjectural bijection (1.2) for SL ′ n , which was proved in [HS11] using the simple trace formula, implies that the multiplicity one property fails in this restriction. This follows from the fact that the central extension S ϕ,sc ( SL ′ n ) is not always abelian (cf. [LL79, Art06, Cho14a] ). Later, more general intermediate groups between a given group and its derived group were also carried out in [CL14] .
For our case of G = Sp 1,1 , as did in the previous studies above for SL n , Sp 4 , and SL ′ n , it is natural to begin with the non quasi-split F -inner form GSp 1,1 of GSp 4 , whose derived group is Sp 1,1 . The LLC for GSp 1,1 was established by Gan and Tantono in [GT14] , where their L-packets consist of one or two members. Restricting these L-packets from GSp 1,1 to Sp 1,1 , we construct L-packets for Sp 1,1 . Interestingly, we here encounter a new phenomenon which does not occur in the aforementioned cases; not only the multiplicity one property fails, but it is also possible that two members in an L-packet of GSp 1,1 have the same restriction. In response to this phenomenon, we study the restriction of the reductive dual groups which participate in the theta correspondence with GSp 1,1 and Sp 1,1 . It turns out that their group structures fit into a category of intermediate groups between a finite product of GL n and a finite product of SL n , or between their F -inner forms. This allows us to use the well-developed theory of the restriction in [LL79, GK82, Sha83, Lab85, Tad92, HS11], and [CL14] with some modifications. We thus construct L-packets, prove the conjectural bijection (1.2), and establish the LLC for these reductive dual groups.
We finally define a surjective, finite-to-one map for G = Sp 1,1 . We then prove the conjectural bijection (1.2), using the LLC for each reductive dual group and studying a relationship of the central extension (1.1) between Sp 1,1 and each reductive dual group (see Theorem 7.4). At this point, we bring in a uniquely determined bijection between restrictions of reductive dual pairs (see Proposition 4.11). This bijection is provided by the theta correspondence and preserves the multiplicity in the restriction (see Section 4.4). Furthermore, we take the same idea to complete the conjectural bijection (1.2) for the split group Sp 4 as well (see Appendix A), which was also discussed in [GT10, in another way.
We denote by W F the Weil group of F and by Γ the absolute Galois group Gal(F /F ). Let WD F = W F × SL 2 (C) be the Weil-Deligne group. Fixing Γ-invariant splitting data, we define the L-group of G as a semidirect product L G := G ⋊ Γ (see [Bor79,  Section 2]). Let Φ(G) denote the set of G-conjugacy classes of L-parameters, i.e., admissible homomorphisms
(see [Bor79, Section 8 .2]). We denote by C ϕ ( G) the centralizer of the image of ϕ in G. Note that C ϕ contains the center of L G that is the Γ-invariant group Z( G) Γ . We say that ϕ is elliptic if the quotient group C ϕ /Z( G) Γ is finite, and ϕ is tempered if ϕ(W F ) is bounded. We denote by Φ ell (G) and Φ temp (G) the subset of Φ(G) which respectively consist of elliptic and tempered L-parameters of G. We set Φ disc (G) = Φ ell (G) ∩ Φ temp (G).
2.2. Inner forms. Let G and G ′ be connected reductive groups over F. We say that G and G ′ are F -inner forms with respect to anF -isomorphism φ :
−1 is an inner automorphism (g → xgx −1 ) defined overF for all τ ∈ Gal(F /F ) (see [Bor79,  2.4(3)] or [Kot97, p.280] ). If there is no confusion, we often omit the references to F and φ.
When G and G ′ are inner forms of each other, we have
′ is an inner form of an F -split group G and the action of Γ on G is trivial, we write
2.3. General notion of the local Langlands conjecture. For any connected reductive group G over F, the local Langlands conjecture (LLC) predicts that there is a surjective, finite-to-one map
This map is supposed to satisfy a number of natural properties, for instance, it preserves certain γ-facotrs, Lfactors, and ǫ-factors, as long as they can be defined in both sides (cf. [HT01, Hen00] ). Moreover, considering the fibers of the map, one can partition Π(G) into disjoint finite subsets, called L-packets. Each packet is conjectured to be characterized by component groups in the L-group, which we will discuss in detail in Section 2.4. It is also expected that Φ disc (G) and Φ temp (G) respectively parameterize Π disc (G) and Π temp (G 2.4. Conjectrual structure of L-packets. We denote by G sc the simply connected cover of the derived group G der of G, and by G ad the adjoint group G/Z( G). We consider
Write S ϕ,sc ( G) for the full pre-image of S ϕ ( G) via the isogeny G sc ։ G ad . We then have an exact sequence
We let:
We then have a central extension
. Suppose G is quasi-split and G ′ is an F -inner form of G. Let ζ G ′ be a unique character on Z( G sc ) whose restriction to Z( G sc ) Γ corresponds to the class of the F -inner form G ′ of G via the Kottwitz isomorphism [Kot86, Theorem 1.2]. We denote by Irr(S ϕ,sc ( G), ζ G ′ ) the set of irreducible representations of S ϕ,sc ( G) with central character ζ G ′ on Z( G sc ). It is expected that, given an L-parameter ϕ for G ′ , there is a one-to-one correspondence between the L-packet Π ϕ (G ′ ) associated to ϕ and the set Irr(S ϕ,sc ( G), ζ G ′ ) [Art06, Section 3]. We note that, for the case of G ′ = G, the character ζ G ′ equals the trivial character ½, so that Irr(S ϕ,sc ( G), ½) = Irr(S ϕ ( G)).
In particular, if ϕ is elliptic, since For i ∈ N, we denote by
) the Galois cohomology of G. Given π ∈ Π(G), we denote by ω π its central character. The cardinality of a finite set S is denoted by |S|. We denote by ( · ) D the Pontryagin dual, i.e., Hom( · , C 1 ), where C 1 is the unit circle group in C × . We denote by ½ the trivial character. For any positive integer n, we denote by µ n the algebraic group, so that µ n (R) := {r ∈ R : r n = 1} with any F -algebra R. We write A ⊔ B for the disjoint union of two sets A and B.
Group structures
In this section, we describe the structure of algebraic groups under consideration in the paper and discuss their mutual relations. We mainly follow notation in [GT11a, GT14] . Of our interest are the F -split groups GSp 4 , Sp 4 , GSO 2,2 , SO 2,2 , GSO 3,3 , SO 3,3 , and their non quasi-split F -inner forms. We refer the reader to [Sat71, p.119] for admissible diagrams of those F -inner forms.
3.1. Symplectic cases. We write GSp 1,1 and Sp 1,1 for the non quasi-split F -inner forms of the symplectic similitude group GSp 4 and the symplectic group Sp 4 , respectively. The group GSp 1,1 is isomorphic to GU(2, D) which is the similitude group of the unique 2-dimensional Hermitian vector space over the quaternion division algebra D over F. For more details, we refer the reader to [GT14, Section 2.1]. Note that GSp 1,1 is the only (up to F -isomorphism) non quasi-split F -inner form of GSp 4 , since the set H 1 (F, PSp 4 ), which parameterizes F -inner forms of GSp 4 , is in bijection with µ 2 (C) D by the Kottwitz isomorphism [Kot86, Theorem 1.2]. Likewise, the same argument is true for Sp 4 . We further note that Sp 4 = (GSp 4 ) der ⊂ GSp 4 and Sp 1,1 = (GSp 1,1 ) der ⊂ GSp 1,1 , where the subscript der stands for the derived group.
3.2. Orthogonal cases. From [GT11a, GT14] , we recall the following isomorphisms of algebraic groups:
Specially, for the case of SO * 1,1 , considering the kernel of the similitude character sim * 1,1 : GSO * 1,1 → GL 1 , where sim * 1,1 (α, β) = Nrd(αβ) and Nrd is the reduced norm on GL 1 (D), we have
Likewise, we have the following exact sequences:
3.3. L-groups. We recall the following descriptions of dual groups from [GT11a, Sections 3 and 4]:
The argument on L-groups for inner forms in Section 2.2 implies that:
We also have the following:
. We consider the following maps std 1,1 (this was denoted by std in [GT10] ), std * 1,1 , and std * 3,0 :
which are respectively induced from the canonical inclusions:
Note that these inclusions come from: 
−→ SO * 3,0 −→ 1. We also use the notation std 4 for GSp 4 , std 2,2 for GSO 2,2 , std 4,0 for GSO 4,0 , and std 3,3 for GSO 3,3 . Again, the argument on L-groups for inner forms in Section 2.2 implies that:
Restriction
In this section, we will recall and adjust some well-known results about the restriction.
4.1. Results of Gelbart-Knapp, Tadić, and Hiraga-Saito. For a moment, we let G and G denote connected reductive algebraic groups over F satisfying the property that 
Here, the positive integer m denotes the common multiplicity over τ ∈ Π σ (G) (see [GK82, Lemma 2 
We later use I G ( σ) to emphasize groups (see Section 7.4). Considering the dimension of the C-vector space
Let χ ∈ I( σ) be given. Based on [HS11, Chapter 2], since σ ≃ σ ⊗ χ, we have a non-zero endomorphism
So, we identify C × and the subgroup of Aut C (V σ ) consisting of z · id V σ . We now define A( σ) as the subgroup of Aut C (V σ ) generated by {I χ : χ ∈ I( σ)} and C × . Then the map I χ → χ induces the following exact sequence
We equip A( σ) with the topology such that the induced topology on C × is the induced topology by the usual topology on C and such that the projection A( σ) → I( σ) is continuous with respect to the discrete topology on I( σ). We denote by Irr(A( σ), id) the set of isomorphism classes of irreducible smooth representations of the group A( σ) such that z · id V σ ∈ C × acts as the scalar z. By [HS11, Corollary 2.10], we then have an isomorphism
as representations of the semi-direct product A( σ) ⋊ G(F ). It follows that there is a bijection
sending ξ → σ ξ . We denote by ξ σ the inverse of σ via the correspondence (4.4).
Remark 4.3. Given σ ∈ Π disc ( G), since the multiplicity m is common, the isomorphism (4.3) implies that
for any σ 1 , σ 2 ∈ Π σ (G).
Useful arguments.
We discuss a few arguments which will be used in Sections 5, 6, and 7. We first recall a theorem of Labesse in [Lab85] which verifies the existence of a lifting of a given L-parameter in the following setting. Let G and G be connected reductive algebraic groups over F with an exact sequence of connected components of L-groups
where S is a central torus in G, and the surjective homomorphism pr is compatible with Γ-actions on G and G.
We note that this result has been also discussed in [Wei74, Hen80, GT10] for the case of G = SL n and G = GL n .
Second, we recall a lemma of Chao and Li in [CL14] . 
Along with the definition I( σ) in (4.1), given ϕ ∈ Φ( G), we let (4.5)
where χ is considered as a L-parameter in Φ( G) via the local class field theory. We later use X G ( ϕ) and I G ( ϕ) to emphasize groups (see Section 7.4).
Lemma 4.6. Suppose that an L-packet for ϕ ∈ Φ( G) is constructed as a singleton { σ} and further suppose that S ≃ C × . Then we have
Proof. This is immediate from the LLC for GL 1 which asserts (
We end this subsection by making an argument on the group of connected components. 
, which is impossible. Thus, we must have
since the index [A : B] is finite and
4.3. Hiraga-Saito's work on L-packets for inner forms of SL n . We recall a result in [HS11, Chapter 12] about the internal structure of L-packets for an inner form
, since Γ acts trivially. We further have
Given ϕ ∈ Φ(G ′ ), we have the following exact sequence
We consider the following exact sequence
such that pr • ϕ = ϕ (see also [Wei74, Hen80, CG15b] ). By the local Langlands correspondence for
) with the following commutative diagram
Combining (4.3) and (4.6), [HS11, Lemma 12.6] states that there is a bijection
such that we have an isomorphism
, where σ ρ denotes the image of ρ via the bijection (4.7). It thus follows from [HS11, p.5] that
where ρ σ is the image of σ via the bijection (4.7), which implies that dimρ σ1 = dimρ σ2 for any
Remark 4.9. From (4.6) and (4.8), the multiplicity in the restriction from GL n (D) to SL n (D) is controlled by the following two factors: the character ζ G , uniquely determined by a given inner form G, and the group S ϕ , determined by a given L−parameter ϕ.
Remark 4.10. All above arguments can be obviously applicable to the case of
4.4.
A bijection via theta correspondence. We recall a bijection between two sets of irreducible constituents in two restrictions via the theta correspondence. For a moment, we employ the notation GU(V 2n ), U(V 2n ), GU(W m ), and U(W m ) in [GT14, Section 2], where V 2n and W m respectively denote a quaternionic Hermitian and skew-Hermitian space over a quaternion F -algebra with some positive integers n and m. These represent all non qausi-split inner forms described in Section 3, We fix a non-trivial additive character ψ of F. As in [GT14, Section 3], we consider the Weil representation of U(V 2n ) × U(W m ) and its extension to R = GU(V 2n ) × GU(W m ), which respectively give theta correspondences between U(V 2n ) and U(W m ) and between GU(V 2n ) and GU(W m ).
for some positive integer k (the common multiplicity) and
is nonzero. Then we have the following. (i) There is an isomorphism
(ii) There is a (uniquely determined) bijection
, which immediately implies the following bijection
(iii) The above statements (i) and (ii) are true for GU(W m ) and U(W m ) when GU(V 2n ) and U(V 2n ) are respectively replaced by GU(W m ) and U(W m ).
LLC for SO 2,2 and its inner forms
We present the LLC for GSO 2,2 and its F -inner forms, and establish the LLC for SO 2,2 and its F -inner forms.
5.1. The cases of GSO 2,2 and its inner forms. From the isomorphism in Section 3.2
one can notice that any irreducible admissible representation of GSO 2,2 (F ) is of the form τ 1 ⊠ τ 2 , where τ 1 and τ 2 are in Π(GL 2 ) with the same central character (cf. [GT11b, Section 1]). This implies that
Further, due to the form of L-group GSO 2,2 in Section 3.2, we note that
Thus, by the LLC for GL n [HT01, Hen00, Sch13], there is a surjective, one-to-one map
For non quasi-split F -inner forms of GSO 2,2 , we again recall the isomorphism in Section 3.2:
Similarly, we have:
Further, due to the form of L-groups in Section 3.2, we note that:
Thus, by the LLC for GL n [HT01, Hen00, Sch13] and for GL m (D) [HS11] , there are surjective, one-to-one maps:
Since three maps L 2,2 , L 4,0 , and L * 1,1 are one-to-one, each fiber gives rise to L-packets for GSO 2,2 , GSO 4,0 , and GSO * 1,1 , which are all singletons. For simplicity of notation, we write GSO † for GSO 2,2 , GSO 4,0 , and GSO * 1,1 . Further, recalling the notation in Section 2.4, we note that:
5.2. Construction of L-packets for SO 2,2 and its inner forms. Given σ ∈ Π(SO 2,2 ), from the arguments in Section 4.1, there is a lifting σ ∈ Π(GSO 2,2 ) such that
is not depending on the choice of the lifting σ, since another lifting must be of the form σ ⊗ χ for some quasi-character χ of F × by Proposition 4.2 and
Thus, the map L 2,2 is well-defined. This is an analogue of the LLC for SL n [GK82] .
Furthermore, L 2,2 is a surjective, since any ϕ ∈ Φ(SO 2,2 ) can be lifted to some ϕ ∈ Φ(GSO 2,2 ) by (3.4) and Theorem 4.4. For each ϕ ∈ Φ(SO 2,2 ), the fiber is given by
where σ is the unique member in Π ϕ (GSO 2,2 ) and ϕ lies in Φ(GSO 2,2 ) such that std 2,2 • ϕ = ϕ. Due to [HT01, Hen00] and Proposition 4.2, the fiber does not depend on the choice of ϕ. This forms an L-packet for SO 2,2 .
Similarly, given σ 4,0 ∈ Π(SO 4,0 ), there is a lifting σ 4,0 ∈ Π(GSO 4,0 ) such that
In the same way with L 2,2 , it turns out that L 4,0 is a well-defined, surjective, and finite-to-one map. Likewise, we have a surjective, finite-to-one map
, where σ * 1,1 and σ * 1,1 are corresponding representations for SO * 1,1 and GSO * 1,1 , respectively. For each ϕ ∈ Φ(SO 4,0 ), the L-packet is given by
(SO * 1,1 ). Again, due to [HT01, Hen00, HS11] and Proposition 4.2, each L-packet does not depend on the choice of ϕ.
5.3.
Internal structure of L-packets for SO 2,2 and its inner forms. We continue with the notation in Section 2.4. For simplicity of notation, we shall write SO † for SO 2,2 , SO 4,0 , and SO * 1,1 . Recall from Section 3.3 that
Note that:
Let ϕ ∈ Φ(SO † ) be given. We fix a lifting ϕ ∈ Φ(GSO † ) via the surjective map GSO † ։ SO † (see Theorem 4.4). We note that:
One can then have a central extension
Let ζ 2,2 , ζ 4,0 , and ζ * 1,1 be characters on Z(( SO † ) sc ) which respectively correspond to SO 2,2 , SO 4,0 , and SO Theorem 5.1. Given an L-parameter ϕ ∈ Φ(SO † ), we fix a lifting ϕ ∈ Φ(GSO † ) of ϕ. Let σ be the unique member in Π ϕ (GSO † ) via the LLC for GSO † in Section 5.1. Then, there is a one-one bijection
sending σ → ρ σ , such that we have an isomorphism
, where the character ζ † runs through ζ 2,2 , ζ 4,0 , ζ * 1,1 , according to SO † .
Remark 5.2. Given ϕ ∈ Φ(SO 2,2 ), by Theorem 5.1, we have a one-to-one correspondence
where SO * 1,1
/∆µ 2 , both of which are isomorphic to SO * 1,1 . 5.4. Proof of Theorem 5.1. We follow the idea in [HS11, Lemma 12.6]. We first deal with the case of SO † = SO * 1,1 . Then, the proofs for the other two cases of SO 2,2 and SO 4,0 are the same after replacing
Let an L-parameter ϕ ∈ Φ(SO * 1,1 ) be given. As described in Section 5.2, there is an L-parameter ϕ ∈ Φ(GSO * 1,1 ) such that std * 1,1 • ϕ = ϕ. The description in Section 6.1 implies that ϕ is of the form ϕ 1 ⊕ ϕ 2 , where ϕ 1 ∈ Φ(GL 1 (D)) and ϕ 2 ∈ Φ(GL 2 ) with det ϕ 1 = det ϕ 2 . Now, we denote by ϕ 0 the image in PSL 2 (C) × PSL 2 (C) of ϕ via the composite of maps
It then follows that
is the usual projection map. Due to Section 5.2, we have σ ∈ Π ϕ (SO * 1,1 ) and σ ∈ Π ϕ (GSO * 1,1 ). Note from Section 5.1 that σ is of the form τ 1 ⊕ τ 2 with ω τ1 = ω τ1 , where τ 1 ∈ Π(GL 1 (D)) and τ 2 ∈ Π(GL 2 ) corresponding to ϕ 1 and ϕ 2 via the LLC for GL 2 [Hen00, HT01, Sch13] and for GL 1 (D) [HS11] , respectively.
Lemma 5.3. With the notation above, S
via the map std * 1,1 . Further, we note that
and
) is finite, the lemma is proved.
Lemma 5.4. With the notation above, we have the following commutative diagram
Proof. From Lemmas 4.7 and 5.3, it follows that S ϕ ( SO * 1,1 ) is a subgroup of S ϕ0 ( SL 1 (D) × SL 2 ). Note that S ϕ,sc ( SO * 1,1 ) and S ϕ0,sc ( SL 1 (D) × SL 2 ) are respectively both central extensions of S ϕ ( SO * 1,1 ) and S ϕ0 ( SL 1 (D) × SL 2 ) by µ 2 (C) × µ 2 (C). Using the same arguments, S ϕ,sc ( SO * 1,1 )
• and S ϕ0,sc ( SL 1 
. Thus, the proof of the lemma is complete. Proof. From (3.4) and Lemma 4.6, it is enough to show that S ϕ ≃ X( ϕ). This is immediate from Lemma 4.5, since the centralizer C ϕ ( GSO † ) is connected so that S ϕ (GSO † ) is trivial. 
Proof. Using Hiraga-Saito's homomorphism Λ SL 2 ×SL2 in (4.6) (cf. Remark 4.10) and the fact that S ϕ ( SO * 5.5. Properties of L-maps for SO 2,2 and its inner forms. The L-maps defined in Section 5.2 satisfy the following property. We continue to use SO † for SO 2,2 , SO 4,0 , and SO 6.1. The cases of GSO 3,3 and its inner forms. From the isomorphism in Section 3.2
one can notice that any irreducible admissible representation of GSO 3,3 (F ) has the form Π⊠µ for Π ∈ Π(GL 4 ) and µ ∈ Π(GL 1 ) with ω Π = µ 2 (cf. [GT11b, Section 1]). This implies that
Further, due to the form of L-group GSO 3,3 in Section 3.2, we note that
For a non quasi-split F -inner form GSO * 3,0 of GSO 3,3 , we again recall the isomorphism in Section 3.2 GSO *
Similarly, we have
Further, due to the form of L-groups in Section 3.2, we note that
Thus, by the LLC for GL m (D) [HS11] , there is a surjective, one-to-one maps
. Since two maps L 3,3 and L * 3,0 are one-to-one, each fiber gives rise to L-packets for GSO 3,3 and GSO * 3,0 , which are all singletons. Likewise, we define a surjective, one-to-one map
and construct L-packets for GSO VD . For simplicity of notation, we write GSO ♭ for GSO 3,3 , GSO * 3,0 , and GSO VD . Further, recalling the notation in Section 2.4, we note that:
6.2. Construction of L-packets for SO 3,3 and its inner forms. Given σ ∈ Π(SO 3,3 ), there is a lifting σ ∈ Π(GSO 3,3 ) such that σ ֒→ Res
. Note that L 3,3 is not depending on the choice of the lifting σ, since another lifting must be of the form σ ⊗ χ for some quasi-character χ of F × by Proposition 4.2 and
Thus, the map L 3,3 is well-defined. Furthermore, L 3,3 is a surjective, since any ϕ ∈ Φ(SO 3,3 ) can be lifted to some ϕ ∈ Φ(GSO 3,3 ) by (3.6) and Theorem 4.4. For each ϕ ∈ Φ(SO 3,3 ), the fiber is given by
where σ is the unique member in Π ϕ (GSO 3,3 ) and ϕ lies in Φ(GSO 3,3 ) such that std 3,3 • ϕ = ϕ. Due to [HT01, Hen00] and Proposition 4.2, the fiber does not depend on the choice of ϕ. This forms an L-packet for SO 3,3 .
Similarly, given σ * Likewise, we define a surjective, finite-to-one map
As in Section 5.2, each L-packet does not depend on the choice of ϕ.
6.3. Internal structure of L-packets for SO 3,3 and its inner forms. We continue with the notation in Section 2.4. For simplicity of notation, we shall write SO ♭ for SO 3,3 , SO * 3,0 , and SO(V D ). Recall from Section 3.3 that
Let ϕ ∈ Φ(SO ♭ ) be given. We fix a lifting ϕ ∈ Φ(GSO ♭ ) via the surjective map GSO ♭ ։ SO ♭ (see Theorem 4.4). We note that:
Let ζ 3,3 , ζ * 3,0 , and ζ VD be characters on Z(( SO ♭ ) sc ) which correspond to SO 3,3 , SO * × (see Section 3.2).
Theorem 6.1. Given an L-parameter ϕ ∈ Φ(SO ♭ ), we fix a lifting ϕ ∈ Φ(GSO ♭ ) of ϕ. Let σ be the unique member in Π ϕ (GSO ♭ ) via the LLC for GSO ♭ in Section 6.1. Then, there is a one-one bijection
, where the character ζ ♭ runs through ζ 3,3 , ζ VD , ζ * 3,0 , according to SO ♭ .
Remark 6.2. Given ϕ ∈ Φ(SO 3,3 ), by Theorem 6.1, we have a one-to-one correspondence
Just only for here, we distinguish Π Let an L-parameter ϕ ∈ Φ(SO * 3,0 ) be given. As described in Section 6.2, there is an L-parameter ϕ ∈ Φ(GSO * 3,0 ) such that std * 3,0 • ϕ = ϕ. The description (6.1) implies that ϕ is of the form ϕ 0 ⊕ µ, where ϕ 0 ∈ Φ(GL 1 (D 4 )) and µ ∈ Φ(GL 1 ). Now, we denote by ϕ 0 the image in PSL 4 (C) of ϕ via the composite of maps
It then follows that ϕ 0 ∈ Φ(SL 1 (D 4 )). Note that ϕ 0 = pr • ϕ 0 , where pr : GL 4 (C) ։ PSL 4 (C) is the usual projection map. Due to Section 6.2, we have σ ∈ Π ϕ (SO * 3,0 ) and σ ∈ Π ϕ (GSO * 3,0 ). Note from Section 6.1 that σ is of the form Π ⊠ µ with ω Π = µ 2 , where Π ∈ Π(GL 1 (D 4 )) corresponding to ϕ 0 via the LLC for GL 1 (D 4 ) [HS11] and µ ∈ Π(GL 1 ).
Lemma 6.3. With the notation above, S ϕ ( SO * 3,0 ) is a normal subgroup of finite index in S ϕ0 ( SL 1 (D 4 ) ).
Proof. The centralizer C ϕ0 ( SL 1 (D 4 )) is equal to the image of the disjoint union
via the map std * 3,0 . Further, we note that:
for any g ∈ S ϕ0 ( SL 1 (D 4 )). Since Hom(W F , {±1}) is finite, the lemma is proved.
Lemma 6.4. With the notation above, we have the following commutative diagram
Proof. From Lemmas 4.7 and 6.3, it follows that S ϕ ( SO * 3,0 ) is a subgroup of S ϕ0 ( SL 1 (D 4 )). Note that S ϕ,sc ( SO * 3,0 ) and S ϕ0,sc ( SL 1 (D 4 )) are respectively both central extensions of S ϕ ( SO * 3,0 ) and S ϕ0 ( SL 1 (D 4 )) by µ 4 (C). Using the same arguments, we have S ϕ,sc ( SO * 3,0 )
• and S ϕ0,sc ( SL 1 (D 4 ))
• are identical. It follows that Z ϕ,sc (SO * 3,0 ) = Z ϕ0,sc (SL 1 (D 4 )) and S ϕ,sc ( SO * 3,0 ) ⊂ S ϕ0,sc ( SL 1 (D 4 )). Thus, the proof is complete. Lemma 6.5. With the notation above, I( σ) is a subgroup of I( σ 0 ).
Proof. Note that Π ϕ (GSO † ) is a singleton from Section 5.1 and the LLC for GL n and GL m (D) is compatible with twisting by characters. So, we have I( ϕ) = I( σ). Likewise, we have I( ϕ 0 ) = I( σ 0 ). From the fact that ϕ is of the form ϕ 0 ⊕ µ, it then follows that I( σ) ⊂ I( ϕ 0 ).
Remark 6.6. From [GK82, Theorem 4.3], we have S ϕ0 ( SL 1 (D) × SL 2 )≃I( ϕ 0 ).
Lemma 6.7. With the notation above, we have
Proof. From (3.6) and Lemma 4.6, it is enough to show that S ϕ ≃ X( ϕ). This is immediate from Lemma 4.5, since the centralizer C ϕ ( GSO ♭ ) is connected so that S ϕ (GSO ♭ ) is trivial.
Proposition 6.8. There is a homomorphism Λ ♭ : S ϕ,sc ( SO * 3,0 ) → A( σ) (unique up to 1-dimensional character of S ϕ ( SO * 3,0 )) with the following commutative diagram
Proof. Using Hiraga and Saito's homomorphism Λ SL 4 in (4.6) and the fact that S ϕ ( SO * 3,0 ) is a subgroup of S ϕ0 ( SL 1 (D 4 )) (see Lemma 6.4), we define a map Λ * of Λ SL 4 to S ϕ,sc ( SO * 3,0 ). Due to Lemmas 6.4, 6.5, and 6.7, and by the definition of Λ SL 4 in (4.6), Λ * 3,0 is well-defined. Since I( σ) is contained in I(Π) and S ϕ ( SO * 3,0 ) is a subgroup of S ϕ0 ( SL 1 (D 4 )), it follows that the image Λ * 3,0 is in A( σ). Thus, the proof is complete. We now finish the Proof of Theorem 6.1. Since Π ϕ (SO * 3,0 ) is in bijection with Irr(A( σ), id) due to (4.3) and (4.4), and since Irr(A( σ), id) is again in bijection with Π(S ϕ,sc ( SO * 3,0 ), ζ * 3,0 ) due to Proposition 6.8, the proof of Theorem 6.1 is complete. 6.5. Properties of L-maps for SO 3,3 and its inner forms. The L-maps defined in Section 6.2 satisfy the following property. We continue to use SO ♭ for SO 3,3 , SO(V D ), and SO * 3,0 , so that L ♭ , σ ♭ , and so on will be used accordingly. Remark 6.10. In the same way with the proof of Proposition 6.9, we have that a given σ ♭ ∈ Π(SO ♭ ) is tempered if and only if the image of its L-parameter ϕ σ ♭ := L ♭ (σ ♭ ) in SO 6 (C) is bounded.
LLC for Sp 1,1
In this section, we state and prove the local Langlands conjecture for Sp 1,1 . Furthermore, we classify all cases of the central extension (2.2) for Sp 1,1 , describe all sizes of L-packets of Sp 1,1 , illustrate multiplicities in restriction from GSp 1,1 , and give an explicit example in which an interesting phenomenon appears. 7.1. Revisiting the LLC for GSp 1,1 . We recall the LLC for GSp 1,1 , which was established by Gan and Tantono in [GT14] , and utilize it to construct the LLC for Sp 1,1 in Section 7.2. Consider GSO * 3,0 and GSO * 1,1 which participate in L-packets for GSp 1,1 . The relations between dual groups in Section 3.3 can be combined with [GT14, Section 7] to have the following inclusions ι *
Remark 7.1. We note from [GT14, Section 7] that ϕ ∈ Φ(GSp 1,1 ) is either an irreducible 4-dimensional representation or the image of ι * 1,1 . Moreover, since ϕ 1 ∈ Φ(GL 1 (D)) and ϕ 2 ∈ Φ(GL 2 ), the action of of Out(SO 4 ) is non-trivial if and only if both ϕ 1 and ϕ 2 are elliptic L-parameters of GL 2 .
The LLC for GSp 1,1 states that there is a surjective, two-to-one map
satisfying several natural conditions which determine the map uniquely (see [GT14, p.763 ] for details).
7.2. Construction of L-packets for Sp 1,1 . We define a map
This is an analogue of the local Langlands correspondence for Sp 4 which was established by Gan and Takeda in [GT10] . Note that
.2] and L 1,1 is not depending on the choice of the lifting σ by Proposition 4.2. Thus, the map L 1,1 is well-defined. Furthermore, since any ϕ ∈ Φ(Sp 1,1 ) can be lifted to some ϕ ∈ Φ(GSp 1,1 ) [GT10, Proposition 2.8], L 1,1 is a surjective. For each ϕ ∈ Φ(Sp 1,1 ), the fiber is given by Remark 7.2. Unlike the case of Sp 4 , it is possible that the union in (7.1) is not disjoint. This occurs only when ϕ ∈ Φ(GSp 1,1 ) is of the form ι * 1,1 ( ϕ 1 , ϕ 2 ) = ϕ 1 ⊕ ϕ 2 for some ( ϕ 1 , ϕ 2 ) ∈ Φ(GSO * 1,1 ) such that ϕ 1 ≃ ϕ 2 χ for some quadratic character χ of F × (see [GT10, Proposition 6.8 
.(iii)(b)])
. Later, we will analyze this case in Section 7.4 and give its explicit example in Section 7.7). 7.3. Internal structure of L-packets for Sp 1,1 . We parameterize each L-packet Π ϕ (Sp 1,1 ) for Sp 1,1 in terms of so-called S-groups, as described in Section 2.4.
We narrow down notation in Sections 2.4 and 4 to the case of Sp 1,1 . Recall from Section 3.3 that
Note that
Let ϕ ∈ Φ(Sp 1,1 ) be given. We fix a lifting ϕ ∈ Φ(GSp 1,1 ) via the surjective map GSp 1,1 −→ Sp 1,1 (see Theorem 4.4). With the notation in Section 2.4, we have:
We denote by ½ the trivial character and sgn the non-trivial characters on Z/2Z ≃ µ 2 (C). Considering the isomorphism Z((Sp 1,1 ) sc ) ≃ µ 2 (C), ½ maps to Sp 4 and sgn to Sp 1,1 , via the Kottwitz isomorphism [Kot86,
To state Theorem 7.4 below, we need to recall three mutually exclusive possibilities of ϕ ∈ Φ(GSp 1,1 ) from [GT14, Section 7] as follows.
• Case I: ϕ is of the form ϕ 1 ⊕ ϕ 2 , where ϕ i ∈ Φ ell (GL 2 ), ϕ 1 ≃ ϕ 2 , and det ϕ 1 = det ϕ 2 . Since Φ ell (GL 2 ) = Φ ell (GL 1 (D)), we thus note that ϕ ∈ Φ(GSO * 1,1 ). Based on the classification in [GT10, Proposition 6.8(iii)], we further subcategorize this case as follows:
-(a) ϕ 1 ≃ ϕ 2 ⊗ χ for any character χ on F × , -(b) ϕ 1 ≃ ϕ 2 ⊗ χ with χ necessarily quadratic.
• Case II: ϕ is of the form χ( ϕ 0 ⊕(ω 0 ⊕½)), where χ is a quasi-character on F × , ϕ 0 lies in Φ ell (GL 1 (D)), and ω 0 denotes the central character of the essentially square-integrable representation corresponding to ϕ 0 via the local Langlands correspondence for GL 1 (D) [HS11, Chapter 11]. We note that ϕ ∈ Φ(GSO * 1,1 ).
• Case III: ϕ sits in Φ ell (GL 1 (D 4 )), which in fact coincides with Φ(GL 1 (D 4 )). Next, we recall the L-packets Π ϕ (GSp 1,1 ) for each case, which were established in [GT14] .
Case I:
, where θ stands for theta correspondence from GSO * 1,1 to GSp 1,1 , JL denotes the local Jacquet-Langlands lift from GL 2 (F ) to GL 1 (D), and τ i ∈ Π ess,disc (GL 2 ) is corresponding to ϕ i via the local Langlands correspondence for GL 2 [HT01, Hen00]. Note that Π ϕ (GSp 1,1 ) consists of essentially square-integrable representations.
Case II: Π ϕ (GSp 1,1 ) = { σ := J P (ρ, χ)}, where J P (ρ, χ) denotes the Langlands quotient of the standard module,
is an F -parabolic subgroup (which is the Siegel parabolic subgroup) of GSp 1,1 , and ρ is the essentially square-integrable representation corresponding to ϕ 0 via the local Langlands correspondence for GL 1 (D). Note that J P (ρ, χ) is not essentially square-integrable.
Case III: Π ϕ (GSp 1,1 ) = { σ := π}, where π is the essentially square-integrable representation of GSp 1,1 (F ) whose theta lift θ(π) to GSO * 3,0 is Π ⊠ µ ∈ Π(GSO * 3,0 ). Note that ω Π = µ 2 and µ = sim( ϕ).
Remark 7.3. The L-packets of Case I and Case III exhaust the set Π ell,disc (GSp 1,1 ), and the L-packets of Case II exhaust the set Π(GSp 1,1 ) Π ell,disc (GSp 1,1 ).
Theorem 7.4. With the notation above, given an L-parameter ϕ ∈ Φ(Sp 1,1 ), we fix its lifting ϕ ∈ Φ(GSp 1,1 ). Then, there is a one-one bijection
sending σ → ρ σ , such that we have isomorphisms: 
the multiplicity in Res
Here, Π ♯ (Sp 1,1 ) denotes the set of equivalence classes of all irreducible constituents of Res 
which completes the proof of the lemma.
Lemma 7.6 and the exact sequence (2.2) give the following two exact sequences:
From [GT14, Section 7], we note that:
From [GT10, Proposition 2.9], we recall an exact sequence
Combining (7.3), (7.4), and (7.5), we have the following commutative exact sequences (7.6)
1 By the snake Lemma, we obtain an exact sequence (the middle vertical exact sequence)
Now, we verify the theorem for each case in Section 7.3. Case I-(a): Note that ϕ is elliptic (hence, ϕ is elliptic). It then follows that Z ϕ,sc (SO * 1,1 ) = µ 2 (C)× µ 2 (C) (cf. Section 2.4), the connected component group S equals S itself, and S ϕ,sc ( GSp 1,1 ) ≃ Z/2Z × Z/2Z.
To emphasize groups in the definitions (4.1) and (4.5), we recall the notation I G with G ∈ {Sp 1,1 , SO * 1,1 }. Since ϕ 1 ≃ ϕ 2 ⊗ χ for any character χ on F × , we have (7.8)
From Lemma 5.7, (7.5), (7.7), and (7.8), we then have the following exact sequences (7.9)
Here, we take the embedding µ 2 (C) ֒→ µ 2 (C) × µ 2 (C) as a → (a, a). Since the character sgn on µ 2 (C) is lifted to the two characters sgn ×½(= ζ * 1,1 ) and ½ × sgn on µ 2 (C) × µ 2 (C) via the embedding, we have the following bijection (7.10) Irr(S ϕ,sc ( Sp 1,1 ), sgn)
We note that, via the Kottwitz isomorphism [Kot86, Theorem 1.2], the characters ζ * 1,1 and ½×sgn respectively correspond to
which are non quasi-split F -inner forms of SO 4 (see Remark 5.2). Considering the characters ζ * 1,1 and ½×sgn as characters on S ϕ,sc ( GSp 1,1 ), due to (7.9), we have the following bijections:
). Since the character ζ * 1,1 corresponds to σ 1 and the other ½ × sgn corresponds to σ 2 (see [GT14, Section 7.2]), Proposition 4.11 and Theorem 5.1 give rise to the following bijections:
Using Proposition 4.4, Theorem 5.1, and the isomorphism S ϕ,sc ( Sp 1,1 ) ≃ S ϕ,sc ( SO * 1,1 ) in (7.9), we thus have the following isomorphism
as representations of the semi-direct product S ϕ,sc ( Sp 1,1 ) ⋊ Sp 1,1 (F ). This completes the proof of Theorem 7.4 for Case I-(a).
Case I-(b): Since ϕ 1 ≃ ϕ 2 ⊗ χ with χ necessarily quadratic, we have
One can notice that (7.11) is slightly different from (7.8). From Lemma 5.7, (7.5), (7.7), and (7.11), we then have the following exact sequences (7.12) Irr(S ϕ,sc ( Sp 1,1 ), sgn)
where Z(S ϕ,sc ( Sp 1,1 )) denotes the center of the group S ϕ,sc ( Sp 1,1 ). Note that, in [Art13, Lemma 9.2.2], our notation Z(S ϕ,sc ( Sp 1,1 )) is Z ψ and our character sgn is ζ ψ . Moreover, the number N therein equals 5, so that |I o | (see Section 7.6 for the definition) equals 3 or 5 depending on partitions of 5. Using [Art13, (9.2.10)] and (7.12), we then get:
Restricting characters via the inclusions (7.14) and (7.15), by [Art13, Lemma 9.2.2], we have the following bijections
Then, Proposition 4.11 and Theorem 5.1 yield
Proposition 4.2 implies that (7.17) Res
which gives the last equality in (7.16). Let σ ∈ Π ϕ (Sp 1,1 ) be given. We write ρ * 1,1 (σ) for the image of ρ σ via the composite of the bijections (7.13) -(7.16). From [Art13, Lemma 9.2.2], we then have (7.18) dim ρ σ = 2 · dim ρ * 1,1 (σ). Note from Section 4.1 that dim ρ 2. Unlike Case I-(a), we observe that Z(S ϕ,sc ( Sp 1,1 )) no longer contains µ 2 (C) × µ 2 (C) ≃ S ϕ,sc ( GSp 1,1 ) (see Section 7.6 for details). This leads to the fact that only one between Irr(S ϕ,sc ( Sp 1,1 ), ζ * 1,1 ) and Irr(S ϕ,sc ( Sp 1,1 ), ½ × sgn) is non-empty. Thus, we do not have the bijection (7.10).
Case II: We then have the following commutative exact sequences (7.19)
Here, the very right isomorphism comes from the fact that #S ϕ ( GSp 1,1 ) = 1 and S ϕ ( SO * 1,1 ) ≃ I( ϕ) ≃ S ϕ ( Sp 1,1 ) . Further, since the character ζ * 1,1 on µ 2 (C) × µ 2 (C) equals sgn ×½, using the same idea in the proof of Lemma 7.6, Z ϕ,sc (SO * 1,1 ) is either µ 2 (C) × {1} or µ 2 (C) × µ 2 (C). We claim that (7.20)
where Γ acts trivially, M sc is the preimage of M in G sc , and M is a Levi subgroup of G with respect to which ϕ is elliptic. Due to the proof of [GT14, Proposition 7.1 (iii)] for Case II, M is the Siegel maximal Levi subgroup of SO * 1,1 , and M sc equals GL 1 (C) × SL 2 (C), which is a Levi subgroup of Spin 
From the definition
the claim (7.20) has been verified. We then have 
as representations of the semi-direct product S ϕ,sc ( Sp 1,1 ) ⋊ Sp 1,1 (F ). This completes the proof of Theorem 7.4 for Case II.
Case III: Note that ϕ is elliptic (hence, ϕ is). It is clear that Z ϕ,sc (SO * 3,0 ) = µ 4 (C). Further, the group connected component S equals S itself. We have the following commutative exact sequences (7.22)
follows that S ϕ,sc ( Sp 1,1 ) equals the inverse image pr 1,1 −1 (S ϕ ( Sp 1,1 ) ), where we recall that pr 1,1 is the usual projection from Sp 4 (C) onto SO 5 (C). Likewise, since S ϕ ( SO * 3,0 ) ⊂ SO 6 (C), it follows that S ϕ,sc ( SO * 3,0 ) = pr * 3,0 −1 (S ϕ ( SO * 3,0 )), where we recall that pr * 3,0 is the usual projection from SL 4 (C) onto SO 6 (C). Using the commutative diagram
we thus have the inclusion S ϕ,sc ( Sp 1,1 ) ⊂ S ϕ,sc ( SO * 3,0 ). Remark 7.8. This inclusion can be also obtained from the following commutative diagram Equivalently, due to (7.22), we claim that the restriction ρ| Sϕ,sc( Sp 1,1 ) is irreducible and ρ| µ2(C) = sgn, for any ρ ∈ Irr(S ϕ,sc ( SO * 3,0 ), ζ * 3,0 ). To verify this argument, we set S ϕ,sc ( Sp 1,1 ) = A and S ϕ,sc ( SO * 3,0 ) = B for simplicity. Using the Frobenius reciprocity, we have
, where χ is a character on µ 4 (C) but trivial on µ 2 (C). But, since (ρ ⊗ χ)| µ4(C) = ζ * 3,0 , we have ρ ≃ ρ ⊗ χ. Thus, it follows that ρ| A , ρ| A A = 1, which implies that ρ| A is irreducible. Lastly, it is immediate that ρ| µ2(C) = ζ * 3,0 | µ2(C) = sgn . This completes the proof of Theorem 7.4 for Case III. Therefore, the proof of Theorem 7.4 is complete. Remark 7.10. In the same way with the proof of Proposition 7.9, we have that a given σ 1,1 ∈ Irr(Sp 1,1 ) is tempered if and only if the image of its L-parameter ϕ σ1,1 := L 1,1 (σ 1,1 ) in SO 5 (C) is bounded.
Proposition 7.11. Let ϕ ∈ Φ disc (Sp 1,1 ) and σ 1 , σ 2 ∈ Π ϕ (Sp 1,1 ) be given. Let M be an F -Levi subgroup of an F -inner form of Sp 2n , which is the product of Sp 1,1 and copies of F -inner forms of GL mi with n = 2 + m i . For any τ ⊠ σ 1 , τ ⊠ σ 2 ∈ Π disc (M ), ν ∈ a * M,C , and w ∈ W M with w M = M, we have
Proof. This follows from [GT14, Section 8], our construction of L-packets in Section 7.2, and the fact that the restriction of representations preserves the intertwining operator and the Plancherel measure (cf. From Section 7.3, we recall three mutually exclusive cases: Case I, Case II, Case III. For each case, we will give a description of S ϕ = S ϕ ( Sp 1,1 ) and its central lifting S ϕ,sc = S ϕ,sc ( Sp 1,1 ), which fit into the following exact sequence in (7.6) 1 −→ µ 2 (C) −→ S ϕ,sc −→ S ϕ −→ 1.
We claim that S ϕ,sc is isomorphic to one of the following groups
To this end, we first recall some arguments from [Art13, Section 9.2], which will be applied to the cases of elliptic parameters: Case I, Case III. Let ϕ be elliptic. Then, we have S ϕ = S ϕ and S ϕ,sc = S ϕ,sc . Following [Art13, Section 9.2, p.531], we set
where ϕ i ∈ Φ 2 (GL(N i )) and N 1 + N 2 + · · · + N r = 5, and we have a decomposition of {1, . . . , 5} into two disjoint subsets {1, . . . , 5} = I e ⊔ I o , consisting of those indices k whose associate degrees N k are either even or odd. Applying arguments in [Art13, pp. 531-534] to the case of Sp 1,1 , we have
Moreover, since S ϕ,sc is abelian if and only if |I o | ≤ 2 (see [Art13, p.533]), S ϕ,sc is non-abelian if and only if the partition of N is 1 + 1 + 1 + 1 + 1, 2 + 1 + 1 + 1, or 3 + 1 + 1. For these three cases, the derived group of S ϕ,sc equals {±1} and the center Z(S ϕ,sc ) has order 2 |Ie|+1 .
, where ϕ ∨ 1 is the contragredient of ϕ 1 . Further, since S ϕ,sc ( GSp 1,1 ) ≃ Z/2Z × Z/2Z, from (7.6), we have
As in Section 7.3, based on the classification in [GT10, Proposition 6.8(iii)], we proceed with two following subcases.
Case I-(a): From the proof of [GT10, Proposition 6.8(iii)], the partition of N = 5 is either 1 + 2 + 2 or 1 + 4. Note that S ϕ,sc is abelian for both cases.
When 5 = 1 + 2 + 2, S ϕ,sc is isomorphic to (Z/2Z) 3 , 2Z × Z/4Z, or Z/8Z, since S ϕ ≃ (Z/2Z) 2 . Using arguments in [Art13, (9.2.7) and p. 531] on the order of each element of S ϕ,sc , one can notice that S ϕ,sc consists of four elements of order 4, three elements of order 2, and the identity. Note that our group S ϕ,sc is denoted by a subgroup B ψ of B(N ) in [Art13, p. 531]. We thus have
and |Π ϕ (Sp 1,1 )| = 4. By Remark 4.3, (4.8), and Theorem 7.4, the multiplicity in Res
( σ) is 1.
When 5 = 1 + 4, S ϕ,sc is isomorphic to (Z/2Z) 2 or Z/4Z, since S ϕ ≃ Z/2Z. As in the case of 5 = 1 + 2 + 2 in Case I-(a), one can notice that S ϕ,sc consists of three elements of order 2 and the identity. we thus have Case II: Based on [GT10, Proposition 6.10(ii)], we have
if ϕ 0 is dihedral with respect to a quadratic extension E/F (by definition, ϕ 0 ≃ ϕ 0 ⊗ ω E/F , where ω E/F is the quadratic character corresponding to E via the local class field theory) and det( ϕ 0 ) = ω E/F ; otherwise, we have 1 −→ µ 2 (C) ≃ −→ S ϕ,sc −→ S ϕ = 1 −→ 1. Accordingly, we have |Π ϕ (Sp 1,1 )| = 2, or 1, respectively. By Remark 4.3, (4.8), and Theorem 7.4, the multiplicity in Res
( σ) is 1. We should mention the reason why S ϕ,sc ≃ (Z/2Z) 2 in (7.24). Indeed, since ϕ 0 is dihedral with respect to E/F, using [Art13, Section 9.2] with the partition N = 3 = 1 + 2, we have the following exact sequence
where ϕ 0 is the image of ϕ 0 via the projection GL 2 (C) ։ PGL 2 (C) = SO 3 (C). Since ϕ is of the form
, we have S ϕ,sc = S ϕ0,sc ( SL 2 ) × {1} Thus, the exact sequence (7.24) follows.
Case III: Since ϕ is elliptic, we follow the idea of Case I above. From [GT10, Theorem 6.5 and Proposition 6.8 (i)&(ii)], there are only following cases.
• ( ( σ) is 1.
• (b): ϕ = Ind WF WE σ, σ τ ≃ σχ, χ 2 = 1, and sim( ϕ)| WE = χ det σ = det σ, where E/F is a quadratic extension with Gal(E/F ) =< τ >, σ is a primitive representation of W E (by definition, ϕ 0 is not of the form Ind WE WF ρ for a finite extension F/E and some irreducible ρ), and χ is a character of W E . This case is the situation of [GT10, Theorem 6.5(II)]). Simply, the partition of N = 5 is 2 + 3 due to [GT10, Proposition 5.1(II)]. As before, we have S ϕ ≃ Z/2Z and the central extension S ϕ,sc by µ 2 (C) is abelian of order 4, which is isomorphic to (Z/2Z) 2 or Z/4Z. As in the case of 5 = 1 + 2 + 2 in Case I-(a), one can notice that S ϕ,sc consists of two elements of order 4, one elements of order 2, and the identity. We thus have
and |Π ϕ (Sp 1,1 )| = 2. By Remark 4.3, (4.8), and Theorem 7.4, the multiplicity in Res
• (c): ϕ = Ind WF WE σ and sim( ϕ)| WE = det σ, where E/F is a quadratic extension with Gal(E/F ) =< τ > and σ is an irreducible 2-dimensional representation of W E . This case is the situation of [GT10, Theorem 6.5(III)]. We divide into the following subcases whose partitions follow from the proofs of [GT10, Proposition 5.1 and Theorem 6.5(III)]. We first consider the case that σ τ = σχ for any character χ of W E , which is the situation of [GT10, Theorem 6.5(III)(a)].
-(c1): σ is primitive. Then, the partition of N = 5 is 1 + 4, which is the same as the second case in Case I-(a) above.
. This is the same as Case III-(c1).
-(c3): σ = Ind WK WE ρ with Gal(K/F ) ≃ Z/2Z × Z/2Z. The partition of N = 5 is 1 + 2 + 2, which is the same as the first case in Case I-(a).
-(c4): σ = Ind WK WE ρ with K/F non-Galois. The partition of N = 5 is either 1 + 4 or 1 + 2 + 2, which is the same as Case III-(c1) or Case III-(c3), respectively. We then consider the case that σ τ = σχ for some character χ of W E (χ is necessarily quadratic), which is the situation of [GT10, Theorem 6.5(III)(b)].
-(c5): χ τ = χ. The partition of N = 5 is 1 + 2 + 2, which is the same as Case III-(c3).
The partition of N = 5 is 1 + 1 + 3, 1 + 1 + 1 + 2, or 1 + 1 + 1 + 1 + 1, which is the same as Case I-(b) above.
• (d): This is the remaining elliptic parameter which is the situation of [GT10, Proposition 6.8(i)&(ii)].
We divide into the following subcases whose partitions follow from the proofs of[GT10, Proposition 6.8].
-(d1): ϕ = µ ⊠ S 4 with µ a 1-dimensional character of W F and S 4 the 4-dimensional representation of SL 2 (C). The partition of N = 5 is 5, which is the same as Case III-(a). -(d2): ϕ = σ ⊠ S 2 with σ an irreducible 2-dimensional dihedral representation of W F and S 2 the 2-dimensional representation of SL 2 (C). The partition of N = 5 is either 1 + 1 + 3 or 2 + 3. When 5 = 1 + 1 + 3, S ϕ,sc is non-abelian of order 8, which is the same as the case of 5 = 1 + 1 + 3 in Case I-(b). When 5 = 2 + 3, this is the same as Case III-(b).
Remark 7.12. By Remark 4.3, (4.8), and Theorem 7.4, the multiplicity in Res ( σ) is 1, except when the partition is 1 + 1 + 3, 1 + 1 + 1 + 2, 1 + 1 + 1 + 1 + 1. For these three cases, the multiplicity is 2, 2, 4 in the order given. 7.7. An example. We give an explicit L-packet of Sp 1,1 , which is considered as a new phenomenon arising in the non quasi-split inner form Sp 1,1 differently than the split group Sp 4 . Let ϕ = ϕ 0 ⊕ ϕ 0 χ ∈ Φ(GSp 4 ) be given, where χ is a quadratic character, ϕ 0 ∈ Φ(GL 2 ) is primitive (by definition, ϕ 0 is not of the form Ind WF WE ρ for a finite extension E/F and some irreducible ρ), and ϕ 0 ≃ ϕ 0 χ. We then have an irreducible supercuspidal representation π ∈ Π(GL 2 ) corresponding to ϕ 0 via the LLC for GL 2 (cf. (π ⊠ πχ) = {τ ′ }
to Sp 1,1 . We recall Case I-(b) in Section 7.6 and compute the centralizer C ϕ ( Sp 1,1 ) with ϕ in (7.25). We then have following commutative exact sequence However, from (4.2) and (7.29), the multiplicity in Res 
